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NOTATIONS

The number after each entry refers to a page where the symbol is explained in the text.

cEB
c&B

BcC
B-C
BNncC

N4,
BUC
U4
BxcC
[iB>C
Sb)
1g:B—B
gof
Im f

O R ONZ2

Q*, R*, C*
Q**, R*+

bla
(a, b)
.5 ap)
[a, 5]

(ab @, . .
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Sets and Functions

¢ 18 an element of the set B, 509

¢ is not an element of the set B, 509

Empty set [or null set], 510

B is a subset of C, 510

Relative complement of set Cinset B, 511
Intersection of sets B and C, 511

Intersection of the sets 4, with i€, 511
Union of sets Band C, 511

Union of the sets 4, with i€, 511

Cartesian product of sets B and C, 512
Function [or mapping] from set B to set C, 512
Image of b under the function f:B—C, or the value of fat b, 512

Identity map on the set B, 512
Composite function of f:B—Cand g:C—D, 512-513
Image of the function f:B—C, which is a subset of C, 517

Important Sets

Nonnegative integers, 523

Integers, 3

Rational Numbers, 49, 191

Real Numbers, 45, 191

Complex numbers, 49, 191

Nonzero elements of Q, R, C respectively, 178, 192
Positive elements of Q, R respectively, 178, 192

Integers

b divides a [or b is a factor of 4], 9

Greatest common divisor (gcd) of a and b, 10

“yas 16
Least common multiple (Icm) of a and b, 16

Greatest common divisor (gcd) of ay, a5, . .
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[ala a, ... ,a,,]
a = b (mod n)
[4] or [a],

Z,

1p
M®R)

M(Z), M(Q),
M(C), M(Z,)

0

M(R)

R=S

(©

(P
a=b(modI)
a+1

R/I

I+J

bay

Z[Vd)

Z[i]or Z[V-T]
Qg[x]
NZ[Vd]|-»Z
F(x)

R[x]

deg f(x)

J(x) | g(x)

J(x) = g(x)(mod p(x))
LA(x)] or [f(x)]pn)
F[x)/p(x)
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Least common multiple (Icm) of @, ay, . .., a,, 16
ais congruent to » modulon, 25
Congruence class of @ modulo #n, 27, 28

Set of congruence classes modulo », 30

Rings and Ideals

Multiplicative identity element in a ring with identity, 44
Ring of 2 X 2 matrices over the real numbers R, 46
Ring of 2 X 2 matrices over Z, Q, C, Z, respectively, 48

Zero matrix in M(R), 47

Ringof 2 X 2 matrices over a commutative ring R with identity, 48
Ring R is isomorphic to ring S, 72

Principal ideal generated by ¢, 144

s Cps 145

a is congruent to b modulo the ideal 7, 145

Coset [congruence class] of a modulo the ideal I, 147

Quotient ring [or factor ring] of the ring R by the ideal 7, 147, 154
Sum of ideals  and J (which is also an ideal), 149

Product of ideals Fand J (which is also an ideal), 150
The subring {r + sV/d | d, r,s€Z} of C, 322

Ring of Gaussian integers, 322

Ideal generated by ¢y, ¢3, . . .

Ring of polynomials in Q[x] whose constant term is an integer, 336
Norm function, 346

Field of quotients [or field of rational functions] of the polynomial ring

F[x] over the field F, 358

Polynomials

Ring of polynomials with coefficients in the ring R, 86
Degree of the polynomial f(x), 88

J(x) divides [or is a factor of ] g(x), 96

J(x) is congruent to g(x) modulo p(x), 125

Congruence class [or residue class] of f(x) modulo p(x), 126

Ring of congruence classes modulo p(x), 128, 131

List continues on inside back cover.
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PREFAGE

This book is intended for a first undergraduate course in modern abstract algebra.
Linear algebra is not a prerequisite. The flexible design makes the text suitable for
courses of various lengths and different levels of mathematical sophistication, in-
cluding (but not limited to) a traditional abstract algebra course, or one with a more
applied flavor, or a course for prospective secondary school teachers. As in previous
editions, the emphasis is on clarity of exposition and the goal is to produce a book that
an average student can read with minimal outside assistance.

New in the Third Edition

Groups First Option Those who believe (as I do) that covering rings before groups
is the better pedagogical approach to abstract algebra can use this edition exactly as
they used the previous ones.

Nevertheless, anecdotal evidence indicates that some instructors have used the sec-
ond edition for a “groups first™ course, which presumably means that they liked other
aspects of the book enough that they were willing to take on the burden of adapting it to
their needs. To make life easier for them (and for anyone else who prefers “groups first”)

It is now possible (though not necessary) to use this text for
a course that covers groups before rings.

See the TO THE INSTRUCTOR section for details.

Much of the rewriting needed to make this option feasible also benefits the “rings
first” users. A number of them have suggested that complete proofs were needed in
parts of the group theory chapters instead of directions that said in effect “adapt the
proof of the analogous theorem for rings™. The full proofs are now there.

Proofs for Beginners Many students entering a first abstract algebra course have
had little (or no) experience in reading and wrniting proofs. To assist such students (and
better prepared students as well), a number of proofs (especially in Chapters 1 and 2)
have been rewritten and expanded. They are broken into several steps, each of which
is carefully explained and proved in detail. Such proofs take up more space, but I think
it’s worth it if they provide better understanding.

So that students can better concentrate on the essential topics, various items from
number theory that play no role in the remainder of the book have been eliminated
from Chapters 1 and 2 (though some remain as exercises).

ix
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x Pretace

More Examples and Exercises In the core course (Chapters 1-8), there are 35%
more examples than in the previous edition and 13% more exercises. Some older exer-
cises have been replaced, so 18% of the exercises are new. The entire text has about 350
examples and 1600 exercises. For easier reference, the examples are now numbered.

Coverage The breadth of coverage in this edition is substantially the same as in
the preceding ones, with one minor exception. The chapter on Lattices and Boolean
Algebra (which apparently was rarely used) has been eliminated. However, it is avail-
able at our website (www.CengageBrain.com) for those who want to use it.

The coverage of groups is much the same as before, but the first group theory chapter
in the second edition (the longest one in the book by far) has been divided into two chap-
ters of more manageable size. This arrangement has the added advantage of making the
parallel development of integers, polynomials, groups, and rings more apparent.

Endpapers The endpapers now provide a useful catalog of symbols and notations.

Website The website (www.CengageBrain.com) provides several downloadable
programs for TI graphing calculators that make otherwise lengthy calculations in
Chapters 1 and 14 quite easy. It also contains a chapter on Lattices and Boolean
Algebra, whose prerequisites are Chapter 3 and Appendices A and B.

Continuing Features

Thematic Development The Core Course (Chapters 1-8) is organized around two
themes: Arithmetic and Congruence. The themes are developed for integers (Chapters 1
and 2), polynomials (Chapters 4 and 5), rings (Chapters 3 and 6), andgroups (Chapters 7
and 8). See the Thematic Table of Contents in the TO THE STUDENT section for a
fuller picture.

Congruence The Congruence theme is strongly emphasized hi the development of
quotient rings and quotient groups. Consequently, students can see more clearly that
ideals, normal subgroups, quotient rings, and quotient groups are simply an extension
of familiar concepts in the integers, rather than an unmotivated mystery.

Useful Appendices These contain prerequisite material (e.g., logic, proof, sets,
functions, and induction) and optional material that some instructors may wish to
introduce (e.g., equivalence relations and the Binomial Theorem).
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TO THE INSTRUGTOR

Here are some items that will assist you in making up your syllabus.

Course Planning

Using the chart on the opposite page, the Table of Contents (in which optional sections
are marked), and the chapter introductions, you can easily plan courses of varying length,
emphasis, and order of topics. If you plan to cover groups before rings, please note that
Section 7.1 should be replaced by Section 7.1. A (which appears immediately after 7.1).

Appendices

Appendix A (Logic and Proof) is a prerequisite for the entire text. Prerequisites for
various parts of the text are in Appendices B-F. Depending on the preparation of
your students and your syllabus, you may want to incorporate some of this material
into your course. Note the following.

« Appendix B (Sets and Functions): The middle part (Cartesian
products and binary operations) is first used in Section 3.1 [7.1.A].* The last
five pages (injective and surjective functions) are first used in Section 3.3 [7.4].

« Appendix C (Induction): Ordinary induction (Theorem C.1) is first used
in Section 4.4. Complete Induction (Theorem C.2) is first used in Section 4.1
[9.2]. The equivalence of induction and well-ordering (Theorem C.4) is not
needed in the body of the text.

« Appendix D (Equivalence Relations): Important examples of
equivalence relations are presented in Sections 2.1, 5.1, 6.1, and 8.1, but the
formal definition is not needed until Section 10.4 [9.4].

» Appendix E (The Binomial Theorem): This is used only in Section
11.6 and occasional exercises earlier.

« Appendix F (Matrix Algebra): Thisis a prerequisite for Chapter 16 but
is not needed by students who have had a linear algebra course.

Finally, Appendix G presents a formal development of polynomials and indetermi-
nates. I personally think it’s a bit much for beginners, but some people like it.

Exercises

The exercises in Group A involve routine calculations or short straightforward proofs.
Those in Group B require a reasonable amount of thought, but the vast majority
should be accessible to most students. Group C consists of difficult exercises.

Answers (or hints) for more than half of the odd-numbered exercises are given
at the end of the book. Answers for the remaining exercises are in the Instructor’s
Manual available to adopters of the text.

xii *The section numbers in brackets are for groups-first courses.
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To the Instructor  xiii

CHAPTER INTERDEPENDENCE"

1.
Arithmetic
inZ
14.1 2. 13.
Chinese Remainder |[<————————=——=—— Congruence + Public-Key
Theorem (CRT)} inZ Cryptography
- . /\ ;
Applications [<——————- Rings | Groups
of the CRT
", (See Note below)
15. 4,
Geometric |« ————— Arithmetic
Constructions in Fx]
Y
S
Congruence
in Flx]
b .

143 6 | 8. 16.1,16.2
The CRT [= Ideals & Normal Algebraic
for Rings Quotient Subgroups | ——————— » Coding

Rings & Quotient Theory
Groups
¥ ¥
10. 9.
Arithmetic Topics in
in Integral Group
Domains Theory
11 16.3
Field = BCH
Extensions Codes
Y
12.
Galois
Theory

NOTE: To go quickly from Chapter 3 to Chapter 6, first cover Section 4.1 (except the
proof of the Division Algorithm), then proceed to Chapter 6. If you plan to cover
Chapter 11, however, you will need to cover Chapter 4 first.

*A solid arrow A—>8 means that A is a prerequisite for B; a dashed arrow A—>8 means that 8 depends
only on parts of A (see the Table of Contents for specifics). For the dotted arrow 36, see the Note
at the bottom of the chart.
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TOTHE STUDENT

Overview

This book begins with grade-school arithmetic and the algebra of polynomials from
high school (from a more advanced viewpoint, of course). In later chapters of the
book, you will see how these familiar topics fit into a larger framework of abstract
algebraic systems. This presentation is organized around these two themes:

Arithmetic You will see how the familiar properties of division, remainders, factor-
ization, and primes in the integers carry over to polynomials, and then to more general
algebraic systems.

Congruence You may be familiar with “clock arithmetic”.* This is an example of
congruence and leads to new finite arithmetic systems that provide a model for what
can be done for polynomials and other algebraic systems. Congruence and the related
concept of a quotient object are the keys to understanding abstract algebra.

Proofs

The emphasis in this course, much more than in high-school algebra, is on the rigor-
ous logical development of the subject. If you have had little experience with reading
or writing proofs, you would do well to read Appendix A, which summarizes the basic
rules of logic and the proof techniques that are used throughout the book.

You should first concentrate on understanding the proofs in the text (which is quite
different from constructing a proof yourself). Just as you can appreciate a new build-
ing without being an architect or a contractor, you can verify the validity of proofs
presented by others, even if you can’t see how anyone ever thought of doing it this way
in the first place.

Begin by skimming through the proof to get an idea of its general outline before
worrying about the details in each step. It’s easier to understand an argument if you
know approximately where it’s headed. Then go back to the beginning and read the
proof carefully, line by line. If it says “such and such is true by Theorem 5.18”, check
to see just what Theorem 5.18 says and be sure you understand why it applies here. If
you get stuck, take that part on faith and finish the rest of the proof. Then go back and
see if you can figure out the sticky point.

*When the hour hand of a clock moves 3 hours or 15 hours from 12, it ends in the same position, so
3 = 15 on the clock. If the hour hand starts at 12 and moves 8 hours, then moves an additional
9 hours, it finishes at 5; so 8 + 8 = 5 on the clock.

xiv

Cupyright 2012 Caggage Leaning. All Rights Ramcved Msy act e copind, wanond, or dipticatad, jo whals or in part. Das to el ic rights ly {men the eBock end/r eChagar(s). Etorial review has
= may does ot fioct the ovemll {mrain Ceagage Loaming ausarves the right t resove edditional colest at any Gme if tghta quire it




To the Student xv

When you're really stuck, ask your instructor. He or she will welcome questions that
arise from a serious effort on your part.

Exercises

Mathematics is not a spectator sport. You can’t expect to learn mathematics without
doing mathematics, any more than you could learn to swim without getting in the
water. That’s why there are so many exercises in this book.

The exercises in group A are usually straightforward. If you can’t do almost all of
them, you don’t really understand the material. The exercises in group B often require
a reasonable amount of thought—and for most of us, some trial and error as well. But
the vast majority of them are within your grasp. The exercises in group C are usually
difficult . . . a good test for strong students.

Many exercises will ask you to prove something. As you build up your skill in un-
derstanding the proofs of others (as discussed above), you will find it easier to make
proofs of your own. The proofs that you will be asked to provide will usually be much
simpler than proofs in the text (which can, nevertheless, serve as models).

Answers (or hints) for more than half of the odd-numbered exercises are given at
the back of the book.

Keeping It All Straight

In the Core Course (Chapters 1-8), students often have trouble seeing how the various
topics tie together, or even if they do. The Thematic Table of Contents on the next two
pages is arranged according to the themes of arithmetic and congruence, so you can

see how things fit together.
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Thematic Table of Contents for the Core Course xvii

Directions: Reading from left to right across these two pages shows how the theme or
subtheme in the left-hand column is developed in the four algebraic systems listed in the
top row. Each vertical column shows how the themes are carried out for the system listed

at the top of the column.
RINGS* GROUPS*
3. Rings 7. Groups
3.1 Rings 7.1 Definition and Examples of Groups
7.5 The Symmetric and Alternating Groups
3.2 Basic Properties of Rings 7.2 Basic Propetties of Groups
7.3 Subgroups
6. Ideals and Quotient Rings 8. Normal Subgroups and Quotient Groups
6.1 Ideals and Congruence 8.1 Congruence
8.2 Normal Subgroups
8.5 The Simplicity of 4,,
6.2 Quotient Rings and 8.3 Quotient Groups
Homomorphisms 8.4 Quotient Groups and Homomorphisms
6.3 The Structure of R/I When I'Is
Prime or Maximal
3.3 Isomorphisms and 7.4 Isomorphisms and Homomorphisms
Homomorphisms

*In the Arithmetic Theme, the sections of Chapters 3 (Rings) and 8 (Groups) do not correspond to the individual
subthemes (as do the sections of Chapters 1 and 4). For integral domains, however, there is a correspondence, as
you will see in Chapter 10 (Arithmetic in Integral Domains).
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Arithmetic in Z Revisited

Algebra grew out of arithmetic and depends heavily on it. So we begin our study of
abstract algebra with a review of those facts from arithmetic that are used frequently
in the rest of this book and provide a model for much of the work we do. We stress
primarily the underlying pattern and properties rather than methods of computation.
Nevertheless, the fundamental concepts are ones that you have seen before.

m The Division Algorithm

Our starting point is the set of all integers Z = {0, *1, *2, ...}. We assume that you
are familiar with the arithmetic of integers and with the usual order relation (<) on
the set Z. We also assume the

WELL-ORDERING AXIOM Every nonempty subset of the set of nonnegative
integers contains a smallest element.

If you think of the nonnegative integers laid out on the usual number line, it is
intuitively plausible that each subset contains an element that lies to the left of all the
other elements in the subset—that is the smallest element. On the other hand, the Well-
Ordering Axiom does not hold in the set Z of all integers (there is no smallest negative
integer). Nor does it hold in the set of all nonnegative rational numbers (the subset of
all positive rationals does not contain a smallest element because, for any positive ratio-
nal number r, there is always a smaller positive rational—for instance, r/2).

NOTE: The rest of this chapter and the next require Theorem 1.1, which
is stated below. Unfortunately, its proof is a bit more complicated than
is desirable at the beginning of the course, since some readers may not
have seen many (or any) formal mathematical proofs. To alleviate this

3
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4 Chapter 1 Arithmetic in Z Revisited

situation, we shall first look at the origins of Theorem 1.1 and explain the
idea of its proof. Unless you have a strong mathematical background, we
suggest that you read this additional material carefully before beginning
the proof.

To ease the beginner’s way, the proof itself will be broken into several
steps and given in more detail than is customary in most books. However,
because the proof does not show how the theorem is actually used in prac-
tice, some instructors may wish to postpone the proof until the class has
more experience in proving results. In any case, all students should at least
read the outline of the proof (its first three lines and the statements of
Steps 1-4).

So here we go. Consider the following grade-school division problem:

Quotient — 11 Check: 11 «— Quotient
Divisor ~—>T7)82 X7 «— Divisor
Dividend 7. 77
12 +5 «—— Remainder
7 82 «— Dividend

Remainder — 5

The division process stops when we reach a remainder that is less than the divisor.
All the essential facts are contained in the checking procedure, which may be verbally
summarized like this:

dividend = (divisor) (quotient) + (remainder).

Here is a formal statement of this idea, in which the dividend is denoted by a, the
divisor by b, the quotient by ¢, and the remainder by r:

Theorem 1.1 The Division Algorithm

Let a, b be integers with b > 0. Then there exist unique integers g and r such
that

a=bg+r and 0=sr<b.

Theorem 1.1 allows the possibility that the dividend a might be negative but re-
quires that the remainder r must not only be less than the divisor 4 but also must be
nonnegative. To see why this last requirement is necessary, suppose a = —14 is divided
by b = 3, so that —14 = 3g + r. If we only require that the remainder be less than
the divisor 3, then there are many possibilities for the quotient ¢ and remainder r,
including these three:

—-14 =3(-3) + (-5), with-5<3 [Hereq= —3 andr = -5.]
—14=3(4) +(2), with-2<3 [Hereq= —dandr= -2
—-14=3(-5)+1, with 1<3 [Hereq= —5Sandr = 1.].
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1.1 The Division Algorithm 5

When the remainder is also required to be nonnegative as in Theorem 1.1, then there
is exactly one quotient ¢ and one remainder r, namely, ¢ = —5 and r = 1, as will be
shown in the proof.

The fundamental idea underlying the proof of Theorem 1.1 is that division is just
repeated subtraction. For example, the division of 82 by 7 is just a shorthand method
for repeatedly subtracting 7:

82

-7

75 «—82—-17"1 40

ot -~

68 «——82—7-2 3B—82-7-7
-7 -7

6l «—82—-7-3 26 —82—-7-8
-7 -7

54 «—82—-7-4 19 «—82-7-9
-7 -7

47 «—82—-7-5 12+—82—-17-10
-7 -7

40 «—82—-76 T5¢«—82-7-11

The subtractions continue until you reach a nonnegative number less than 7 (in this
case 5). The number 5 is the remainder, and the munber of multiples of 7 that were
subtracted (namely, 11, as shown at the right of the subtractions) is the quotient.

In the preceding example we looked at the numbers

82 —-7-1, 82 —7-2, 82—7-3,andsoon.

In other words, we looked at numbers of the form 82 —7xfor x = 1,2, 3,...and
found the smallest nonnegative one (namely, 5). In the proof of Theorem 1.1 we shall
do something very similar.

Proof of Theorem 11* » Let & and b be fixed integers with » > 0. Consider the set S
of all integers of the form

a — bx, where x is an integer and a — bx = 0.
Note that x may be any integer—positive, negative, or 0—but ¢ — bx must
be nonnegative. There are four main steps in the proof, as indicated below.

Step 1 Show that S is nonempty by finding a value for x such that a — bx = 0.

Proof of Step 1: We first show that a + b|aj = 0. Since b is a positive
integer by hypothesis, we must have

b=1
bla| = |a| [Multiply both sides of the preceding inequality by |a|.)
bla| = —a  [Because |a| = —a by the definition of absolute value.)
a+ bla| = 0.

*For an alternate proof by induction of part of the theorem, see Example 2in Appendix C.
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6 Chapter 1 Arithmetic in Z Revisited

Now let x = —|a|. Then
a—bx=a—b(—|a]) =a+ bla[=0.

Hence, a — bx is in S when x = —|a], which means that S is nonempty.

Step 2 Find qand r suchthata = bq + randr = 0.

Proof of Step 2: By the Well-Ordering Axiom, S contains a smallest
element—call it r. Since r € S, we know that r =0and r = a — bx for
some Xx, say x = q. Thus,

r=a—bgand r=0, orequivalently a=bg+r and r=0.

Step 3 Show that r <b.

Proof of Step 3: We shall use a “proof by contradiction” (which is
explained on page 506 of Appendix A). We want to show that r < .
So suppose, on the contrary, that r = b. Then r — b = 0, so that

O0sr—b=(a—-bg)—b=a—b(g+1).

Since a — b(g + 1) is nonnegative, it is an element of S by definition. But
since b is positive, it is certainly true that r — b < r. Thus

a=-blg+)=r—-5b<r.

The last inequality states that @ — b(g + 1)—which is an element of
S—is less than r, the smallest element of S. This is a contradiction.
So our assumption that r = b is false, and we conclude that r < b.
Therefore, we have found integers q and r such that

a=bg+r and 0=r<b.

Step 4 Show that r and q are the only numbers with these properties (that's what
“unique” means in the statement of the theorem).

Proof of Step 4: To prove uniqueness, we suppose that there are integers
q) and ry such thata = bg, + ryand 0 < r) < b, and prove that ¢, = ¢
andry =r.

Sincea = bg + r and & = bq, + r,, we have

bg+r=bg +n

so that
* bg-q)=n-r
Furthermore,
0=r<b
0=n<b.
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1.1 The Division Algorithm 7

Multiplying the first inequality by — 1 (and reversing the direction of the
inequality), we obtain
-b< -r=0
0=r<b

Adding these two inequalities produces

-b<r—r<b
—b<b(g—q)<b [By Equation ()]
-l1<g—-¢ <1 [Divide each term by b.]

But g — g, is an integer (because q and g, are integers) and the only
integer strictly between —1 and 1 is 0. Therefore ¢ - ¢, = 0 and ¢ = ¢;.
Substituting ¢ — ¢; = 0 in Equation (*) shows that ry —r = 0 and
hence r = r,. Thus the quotient and remainder are unique, and the
proof is complete. W

When both the dividend a and the divisor 4 in a division problem are positive, then
the quotient and remainder are easily found either by long division (as on page 4) or
with a calculator when the integers involved are larger.

EXAMPLE 1

Suppose & = 4327 is divided by b = 281. Entering @/} in a calculator produces
15.39857 - - - . The integer to the left of the decimal point (15 here) is the quo-
tient ¢ and the remainder is

r=a—bg=4327-281.15=112.

These calculations are shown on the graphing calculator screen in Figure 1.

4327281
15. 39857651
4327-281#%15

FIGURE1

When the dividend a is negative, a slightly different procedure is needed so that the
remainder will be nonnegative.

*The symbol l indicates the end of a proof.
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8 Chapter 1 Arithmetic in Z Revisited

EXAMPLE 2

Suppose a = —7432 is divided by b = 453. Entering a/b in a calculator pro-
duces —16.40618 - - - . In this case the quotient g is not —16; instead,

q = (the integer to the left of the decimal point) —1 = —16 — 1 = —17.

(Without this adjustment, you will end up with a negative remainder.) Now, as
usual,
r=a~—bg= ~7432 — 453 - (—17) = 269.

The preceding calculations are summanzed in the calculator screen in Figure 2.

s e
-?432—353*: -??)
269|
FIGURE 2

B Exercises

A. In Exercises 1 and 2, find the quotient q and remainder r when a is divided by b,
without using technology. Check your answers.

1. (@) a=17;b=4 Mb)a=0;b=19 ©a=-17;b=4
2. @) a=-51;b=6 () a=302;5=19 (c) a=2000;b=17
In Exercises 3 and 4, use a calculator to find the quotient q and remainder r when
a is divided by b.
3. (a) a=517;b=183 (b) a= —612;b=174
(c) a=17965,532;b =127
4. (a) a = 8,126,493; b = 541 (b) a= ~9,217,645; b= 617

(¢) a=171,819,920; b = 4321
5. Let a be any integer and let b and ¢ be positive integers. Suppose that when
a is divided by b, the quotient is g and the remainder is r, so that
a=bq+r and 0=r<b
If ac is divided by bc, show that the quotient is g and the remainder is rc.

B. 6. Leta, b, ¢, and g be as in Exercise 5. Suppose that when q is divided by ¢, the
quotient is k. Prove that when a is divided by be¢, then the quotient is also k.

7. Prove that the square of any integer a is either of the form 3k or of the
form 3k 4+ 1 for some integer k. [Hint: By the Division Algorithm, a must
be of the form 3g or3g + 1 or 3¢ + 2.

Cupyrigie 2012 Ormpage Laaming. AR Qights Raswrvad tday nct be copiad, €amed oc dugficaed, in whle or in part. Dus e gard 7 endkx eChagier(s). Ednwial evview baa
dueced that eny don st he cvenil (amroiny Cmpege Loawing cascven the right 1 rean ve eddirional cootast o any tane i ights sequire






